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Abstract. We suggest the new definition of the magnetization. For the two - dimensional 
Ising model with the free boundary conditions we calculate this magnetization. 



1 Introduction 

Yang |l[ proved the formula for the spontaneous magnetization of the two - dimensional 
Ising model. (See also the paper || where the result for different vertical and horizontal 
interactions is obtained.) Montroll, Potts and Ward defined the square of the sponta- 
neous magnetization as the asymptotics of the spin - spin correlation function. In order to 
characterize these papers we cite the paper ||: 

"In contrast to the free energy, the spontaneous magnetization of the Ising model on a square 
lattice, correctly defined, has never been solved with complete mathematical rigor. Starting 
from the only sensible definition of the spontaneous magnetization, the methods of Yang, 
and of Montroll, Potts, and Ward are each forced to make an assumption that has not been 
rigorously justified." 

In the book (0, p. 113) the following problem is solved: 
"More precisely, we impose on the Onsager lattice a cyclic boundary condition in the horizon- 
tal direction only and let a magnetic field interact with one of the two horizontal boundary 
rows of spins." 

In the paper || the estimates of the derivatives of the magnetization with respect to the 
magnetic field for zero magnetic field are obtained. These estimates are obtained for the 
domain where the interaction energy divided by the temperature is sufficiently large. We 
will study the magnetization for the domain where the interaction energy divided by the 
temperature is sufficiently small. 

In this paper we suggest the new definition of the magnetization. In order to formulate 
it we use the one - dimensional Ising model. Let for any integer k = 1, ...,N the number 
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<jfc = ±1 be given. The energy for the Ising model with the magnetic field is 

N-l N 

H( a ) = - Ea k a k+ i - Ea N a t - ^ H(k)a k (1.1) 

k=l k=l 

where the number H(k) = H for any integer k = 1, N. The function 

Z N (E,H) = J2 exp{-PH{<r)} (1.2) 



k = 1.....N 



is called the partition function of the Ising model. Due to (||, Chapter III, formulae (2.10), 
(2.13)) 

Z N (E, H) = (X + (E, H)) N + (\-(E, H)) N , 
\±(E,H)=e f ' E (coshf3H±(smh 2 f3H + e- 4f3E ) 1/2 ). (1.3) 

Due to (0, Chapter II, formula (4.5)) the average total magnetization is 

M N {E,H)=(3- l ^\nZ N {E,H). (1.4) 

The relations Q1.3Q imply 

M N (E, H) = NM(E, H) + o(N) (1.5) 

where the coefficient 

M(E, H) = (sinh 2 (5H + e" 4 ^)" 1 / 2 sinh (3H (1.6) 

is called the magnetization per spin. Since M(E, 0) = 0, the spontaneous magnetization is 
absent in this model. 

The energy of the magnetic field in the expression (|1.1| ) is 

jZ{H{k)f = NH\ (1.7) 
k = i 

This energy tends to the infinity when N oo. Hence the above problem seems to be non 
- physical one. We change the numbers H(k) = H in the expression ( |1.1| ) for the numbers 
H(k) = N- l / 2 H. The energy fll.T] ) of this magnetic field is constant when iV — > oo. The 
relations ( |1.3|) imply 

m(E,H) = hm^^-^ln Z N (E,N- 1/2 H) = (3He WE . (1.8) 

The quantity ( |1.8| ) is called the magnetization by the finite energy constant magnetic field 
in the one - dimensional Ising model. 

In this paper we aim to calculate the magnetization by the finite energy constant magnetic 
field in the two - dimensional Ising model with the free boundary conditions. 
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2 Magnetization 



We consider a rectangular lattice on the plane formed by the points with the integral Carte- 
sian coordinates x — k±, y — k 2 , M[ < ki < M i; i = 1,2, and the corresponding hor- 
izontal and vertical edges connecting the neighbour vertices. We denote this graph by 
G(M[, M' 2 \ Mi, M2). The cell complex P(G) is called the set consisting of the cells (ver- 
tices, edges, faces). A vertex of P{G) is called a cell of dimension 0. It is denoted by 
An edge of P{G) is called a cell of dimension 1. It is denoted by s\. A face of P{G) is 
called a cell of dimension 2. It is denoted by sf. We denote by Zg dd the group of modulo 2 
residuals. The modulo 2 residuals are multiplied by each other and the group Z% is a field. 
To every pair of the cells s p , s^ -1 there corresponds the number (s p : s^" 1 ) G Z^ d (incidence 
number). If the cell s p ~ l is included into the boundary of the cell s p , then the incidence 
number (s p : s^ _1 ) = 1. Otherwise the incidence number (s P : s^ _1 ) = 0. For any pair of the 
cells sf , s° the incidence numbers satisfy the condition 

Y / (sl.s 1 J(s 1 m :s° J ) = 0mod2. (2.1) 

m 

Indeed, if the vertex s° is not included into the boundary of the square sf , then the condition 
( |2.1| ) is fulfilled. If the vertex s° is included into the boundary of the square sf, then it is 
included into the boundaries of four edges s^, two of which are included into the boundary 
of the square sf. The condition ( |2.1| ) is fulfilled again. 

A cochain c p of the complex P(G) with the coefficients in the group Zf is a function 
on the p - dimensional cells taking values in the group TJ^ d . Usually the cell orientation 
is considered and the cochains are antisymmetric functions: c p (— s^) = —c p (s P ). However, 
— 1 = lmod2 and we can neglect the cell orientation for the coefficients in the group Z^. 
The cochains form an Abelian group 

(c p + c' p ){s P ) = c p {s P ) + c ,p (4) mod 2. (2.2) 

It is denoted by C P (P(G), Zf d ). The mapping 

dc^st 1 ) = E(4 : srV(^)mcd2 (2.3) 
j 

defines the homomorphism of the group C P (P(G), Z^) into the group C p ~ l {P{G) 1 Z^). It 
is called the boundary operator. The mapping 

d*J>(s p+1 ) = 5>? +1 : s p )c p (s p ) mod 2 (2.4) 
j 

defines the homomorphism of the group C P (P(G), Z^) into the group C P+1 (P(G), Z% dd ). 
It is called the coboundary operator. The condition (|2.1|) implies dd = 0, d*d* = 0. The 
kernel Z P (P(G), Zf d ) of the homomorphism Q on the group C P (P(G), Zf d ) is called the 
group of cycles of the complex P(G) with the coefficients in the group Z^ d . The image 
B P (P(G), Z add ) of the homomorphism Q in the group C P (P(G), Z add ) is called the group 
of boundaries of the complex P[G) with the coefficients in the group Z^ d . Since dd = 0, 
the group B p (P(G), Z% dd ) is the subgroup of the group Z P (P(G), Z^ d ). Analogously, for the 
coboundary operator d* the group of cocyles Z P (P(G), Zjf^) and the group of coboundaries 
B p (P(G), Z add ) are defined. 
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It is possible to introduce the bilinear form on C P (P(G), Z?, dd ): 

{f p ,g p ) = '£f p (s p i )g p (s P )mod2. (2.5) 

i 

The definitions (O), (EJ) imply 



(/ p ,fl*iT 1 > = <S/ p ,^ 1 > 

{f p ,dg* 1 ) = {d k f>, S r +1 ). (2.6) 
Let a cochain a e C°(P(G), Zf d ). The function 

= - E ^(-i)^)- E #(*?)(-ir W) (2.7) 

s|eP(G) 4'eP(G) 

is called the energy for the Ising model with the magnetic field. The number E(sj) is the 
interaction energy attached to the edge s}. The number H(s®) is the magnetic field attached 
to the vertex s°. 
The function 

Z G (H)= ]T ex V {-(3H(a)} (2.8) 

aec°(P(G),Z2 dd ) 

is called the partition function of the Ising model with the magnetic field. 

Let the cochain \ £ C°(P(G),Z 2 ^ d ) take the value 1 at the vertices s°,...,s^ and be 
equal to on all other vertices of the graph G(M[, M' 2 ; Mi, M 2 ). The correlation function 
on the vertices S®, of the lattice G(M[, M' 2 \ Mi, M 2 ) is the function 

W G (x, H) = (Zg(H))- 1 £ (-1)^ exp{-/3#(a)}. (2.9) 

crec°(P(G),z^ dd ) 

Let us consider the particular case of the function (|2.7|) when the magnetic field H(s^) 
is independent of the vertex s°. We suppose that the energy of this magnetic field 

E ( H ( s ")) 2 ( 2 -!0) 

s°GP(G) 

is independent of the size of the lattice G(M[, M' 2 ; Mi, M 2 ). Therefore 

Htf) = mVG))- l / 2 H (2.11) 

where #(VG) is the total number of the vertices of the graph G(M[, M 2 ; Mi, M 2 ) and H is 
a constant. 

Analogously to the definition ( |1.8[ ) we define the magnetization by the finite energy 
constant magnetic field as 

m G (H) = p-^lnZcmVG))- 1 / 2 !!). (2.12) 
It is easy to verify that for e = 0, 1 

eMPE(sl)hm = (cosh pE(a\)) £ (-l) fe (tanh /3 E(sl))^ 1 '^ . (2.13) 

e=o,i 
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The equalities (|2.6|), (|2.13|) imply 



IJ cosh/3£(sJ) X! (-l) <,7 ' a?1> J] (tanh^^ 1 ))^ 1 -^ (,<) >, (2.14) 

^sJeP(G) y ^ecHPCG),^^) sJeP(G) 

exp{/5(#(FG'))- 1/2 iJ J] (-1)^°)} = (cosh(3(#(VG))- 1/2 H)#( VG) x 

s?6P(G) 

£ (-l)^°)(tanh^(#(yG))- 1 /2 jH -)E s o eP(G) |(i-(-i) s ( '*>) 

gO gC .0(p( G ) iZ add) 

The substitution of the equalities (|2.14|) , (|2.15|) and the relation 



e=o,i 

into the definition Q2.8| ) gives 



Z G ((#(VG))- 1/2 iJ) =2 # ( yG )(cosh/?(#(VG))- 1/2 J ff) #(yG) [] cosh/^fo 1 ) 

\4eP(G) 



X 



^,g((#(VG))- 1 / 2 F),(2.17) 



(tanh/?(#(VG0r 1/2 #) * P(G)2 ( j \ (2.18) 

We denote the sum Q for if = by Z G , the sum (jDJ for if = by W G (x) and the 
sum ( [2.18] ) for if = by Z r> Q. The relation (|2.18|) implies 



x 



SP(G) 

Due to Proposition 3.1 from the paper J7| 



Z r , G = £ II (tanh^ 1 ))^ 1 -^ (2.19) 

^e^i^G),^**) 4eP(G) 



Vy G ( X ) = (Z^)- 1 £ II (tanh/3E(^))^ 1 -(- 1 ) el(Sl) ) (2.20) 

f 1 eo 1 (i'(G),«|* J ), sJeP(G) 
9? 1 =x 

The substitution of the equality (|2.20|) into the equality (|2.18|) gives 

£°ePo(P(G),Z£ dd ) 

(tanh/5(#(yG))- 1/2 /f) Es " eP(G)|(1 " ( " 1) ' ^ . (2.21) 



The sum (|2.19|) is independent of H. Hence the definition (|2.12 ) and the relation ( 2.17|) 
imply 

m G (H) = p-^Hiz^-'ZcrnvGyy^H)) = 

(#(^G)) 1 / 2 tanh/5(#(VG))- 1 / 2 iJ + /3- 1 Ai n((ZriG )-i Zr]G((#( v G ))-i/^ ))) (2 . 22) 

G hm 2 m G (tf)=/?tf + G li^ (2.23) 

Let us consider the function Q2T2~T| ). The cochain £° e B Q (P(G), Zf d ) takes the value 1 
only at the ends of the broken lines. Any broken line has two ends. Hence the cochain £° takes 
the value 1 at the even number of vertices. Conversely, since the graph G(M[, M' 2 \ M\, M 2 ) 
is arcwise connected, any even number of vertices may be pairwise connected by the broken 
lines. Let the cochain £° equal 1 on the even number of vertices. Then it is the boundary 
of the cochain £ x which is equal to 1 on the edges of these broken lines. Thus the group 
B (P(G), Zf d ) consists of the cochains 

2 k 

£° = E<5°[<]> ( 2 - 24 ) 

i = i 

*V](«5) = V (2-25) 



Therefore the relation (p.21 ) may be rewritten as 

[\#{VG)\ 



{Z r>G y l Z r>G ((#(VG)rV 2 H) = 1 + (tanh/3(#(yG))- 1 / 2 F) 2fc x 

k = l 

-I 2k 



^yy o E ^(E^°[<D- (2-26) 



s° «° , j = l 

s° £P(G) 

since a permutation of the vertices s°. does not change the cochain Z)|=i ^°[ s i i ]- 

The cochain e C 1 (P(G), Z?, dd ) is called the non - oriented path connecting the vertices 
s° and s° if 

ae° = 5 K o ]+5°[ s ;] (2.27) 

and any edge of the path is connected at any vertex to at most one other edge of the path. 
Any cochain from the group C 1 (P(G), Zjf^) may be represented as a sum of the non - 
oriented paths. These non - oriented paths have no common edges. If we suppose that these 
non - oriented paths self - intersect transversally and intersect each other transversally, 
then this representation is unique. In order to establish this representation it is sufficient 
to consider two cases: the cochain t; 1 G C 1 (P(G), Z^) is equal to 1 on three or four edges 
incident to one vertex. Let the cochain be equal to 1 on the three edges incident to one 
vertex. Two edges of these three edges are vertical or horizontal. We connect these two 
edges in one non - oriented path. Let the cochain be equal to 1 on the four edges incident 
to one vertex. Two edges of these four edges are horizontal and last two edges are vertical. 
We connect the horizontal edges in one non - oriented path and connect the vertical edges 
in another (in general) non - oriented path. Thus the set of edges on which the cochain is 
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equal to 1 is divided into the set of the non - oriented paths. By construction these non - 
oriented paths self - intersect transversally and intersect each other transversally. Therefore 



e = E £ + E V} (2-28) 

i = 1 j = \ 

where £j is a non - oriented path connecting two vertices and r/j is a non - oriented closed 
path. The non - oriented paths ,7^ self - intersect transversally and intersect each other 
transversally. 

Let us denote ii(^ 1 )(j2(^ 1 )) the cochain which is equal to 1 on the horizontal (vertical) 
edges incident to the vertices incident to the horizontal (vertical) edges on which the cochain 
£ x is equal to 1. We define 

ttt 1 )=Mt 1 )+Mt 1 )- (2-29) 
The support H^H is the set of all edges of the graph G(M[, M 2 , Mi, M2) at which a cochain 
£ x takes the value 1. The non - oriented paths ChVj m the equality Q2.28Q intersect each 
other transversally. This condition may be written as 

lb(£)l|n ||^|| = 0. (2.30) 
By making use of the equality ( |2.28 ) we rewrite the relation ( 2.20|) in the following form 



fm{x) 

W g(x) = E ( II (tanh/3E)^ ] (Z r , G )-%, G ,, (2.31) 



(tanh/3E) ?1 = J] (tanh/3E(s l 1 ))5( 1 -(- 1 ) 5lKl) ), (2.32) 
s ]eP(G) 

G' = G\UT^\\MI)\\. (2.33) 



where in the equality ( |2.31|) the summing runs over the set of the non - oriented paths 



connecting pairwise the vertices on which the cochain x is equal to 1. These non - oriented 
paths £l have no common edges. These non - oriented paths self - intersect transversally 
and intersect each other transversally. If the number of vertices on which the cochain \ is 
equal to 1 is equal to 2m(x), then the number of these non - oriented paths is equal to 
m(x)- The graph (|2.33|) is obtained from the graph G(M[, M 2 , M 1? M 2 ) by deleting all edges 
from the supports = 1, ■■■, m {x)- F° r an y graph G' embedded in the rectangular 

lattice G(M[, M' 2 \ Mi, M2) it is possible to define the cell complex P(G'). Then the reduced 
partition function Z t qi is given by the relation ( 2.19 ). 



We write the edge s\ of the lattice G(M[, M' 2 ;Mi,M 2 ) as the pair {p, e} where p is the 
edge initial vertex and the unit vector e is the edge direction. The unit vector e is one of the 
four vectors: (±1, 0), (0, ±1). Since the edge is non - oriented, then {p + e, — e} = {p, e}. 
The intitial vertex p and the final vertex p + e of the edge {p, e} are the vertices of the graph 
G(M[, M 2 , Mi, M 2 ). Hence the components p l , i — 1,2, are the integers and M[ < p % < M i; 
M > < p i + e i < m u i = 1,2. 

We write the oriented edge of the lattice G(M[, M 2 , Mi, M 2 ) as the pair (p, e) where p 
is the oriented edge initial vertex and the unit vector e is the oriented edge direction. Let 
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#(EG) be the total number of the oriented edges of the graph G(M{, M' 2 ; Mi, M 2 ). We 
define #(EG) x #(EG) - matrix 



-^(Pl> e l).(P2,e2) 



exp{|(e 1 ,e 2 )}tanh/? J E({p 1 ,e 1 }), p 2 = Pl + e ± , Pl ^ p 2 + e 2 , 
0, otherwise 

(2.34) 

where (ei, e 2 ) is the radian measure of the angle between the direction of the unit vector ei 
and the direction of the unit vector e 2 . Due to the paper [g] 

(Z r>G ) 2 = det(J - T) (2.35) 

where the reduced partition function Z r ^ is given by the relation ( |2.19| ) and / is the iden- 
tity # (EG) x #(EG) - matrix. The formula ( |2.35j) is obtained for an arbitrary graph G 
embedded in a lattice on the plane. We suppose that a graph G is embedded in the lattice 
G(M[, M' 2 ; Mi, M 2 ). Let the estimate 

|tanh/3£({p,e})| < 1/3 (2.36) 

be fulfilled for any edge of the graph G. Then 

oo 

det(J — T) = exp{- £ ArHrT*}. (2.37) 

k=l 

A closed path is a sequence of the oriented edges C = ((pi, ei), (p^, e^)) such that 

Pi+i = Pi + e h i = 1, k - 1, pi = p k + e fc . (2.38) 

The number |C| = /c is called the length of the closed path C = ((pi,ex), (p k ,e k )). The 
support ||C|| is the set of all edges {p, e} such that the oriented edge (p, e) is included into 
the path C or the oriented edge (p + e, — e) is included into the path C. The closed path 
((pijGi), (pjfc, efc)) is called reduced if it satisfies the following condition 

Pi+i = Pi + ei, p i+ i + e i+ i ^ pi, i = 1, k - I, pi = p fe + e k , Pl + ei ^ p k . (2.39) 

The set of all reduced closed paths on the graph G is denoted by RC (G) . With any reduced 
closed path C = ((pi, ei), (p^, e k )) on the graph G there corresponds the total angle 
through which the tangent vector of the path C turns along the path C 

<p(C) = (e^e 2 ) + (e 2 ,"e 3 ) + • • • + (e k Si, e k ) + (e^ei). (2.40) 

Due to the paper fTj 

tiT k = exp{^(C)}(tanh/3E) c ', (2.41) 

\C\ = k 

(tanh/3£) c = TJ tanh/3£({p,e}). (2.42) 

0,e) 6 c 

The substitution of the equality (|2.41|) into the equalities (|2.35| ), (p.37|) gives 

(Z r , G ) 2 = exp{- £ iq^exp^^Htanh/^f}. (2.43) 

C£RC(G) 
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In view of the definition the angle 0(C) = 2irk where k is an integer. Hence the number 
exp{|0(C)} is real. By the definitions fl2.8|) , Q2.17| ) the number Z r} a is positive. Thus the 
equality (|2.43|) implies 

Z r , G = exp{-i £ ICI" 1 exp{^(C)}(tanh/3E) c }. (2.44) 

By the definition a reduced closed path does not contain the oppositely oriented edges 
(p,e), (p + e, — e) if they are subsequent or if they are the first and the last edges of the 
closed path. A closed path is called completely reduced if it does not contain the oppositely 
oriented edges (p, e), (p + e, — e) at any place. The set of all completely reduced closed paths 
on the graph G is denoted by CRC(G). 

Theorem 2.1. Let a graph G be embedded in the rectagular lattice G(M[, M' 2 ; Mi, M 2 ) 
on the plane. Let with any reduced closed path C on the graph G there correspond the number 
0(C) given by the relation ( p.40|) and the number (tanh/3-E 1 ) given by the relation (|2.42|) . // 
the estimate ( 2.361 ) is valid, then 

E |Cr 1 exp{^(C)}(tanh^) c = 

C G RC(G) 

E \C\- l e* V {\^C)}(t^hpE) c . (2.45) 

C e CRC{G) 

In the left hand side of the equality ( |2.45| ) the sum extends over the set RC(G) of all the 
reduced closed paths on the graph G and in the right hand side of the equality (|2.45|) the sum 
extends over the set CRC(G) of all the completely reduced closed paths on the graph G. 

Proof. Let the reduced closed path C = ((pi, e^, (p p , e p ), (p, e), (p p +i, e p+1 ), 
(p p+ g, e p+q ), (p + e, -e), (p p+q+ i, e p+q+ i), (p p+q+r , e p+q+r )) contain the oppositely oriented 
edges (p, e) and (p + e, — e). Then the closed path C' = ((pi, ei), (p p , e p ), (p, e), (p p + q + 
e P + q , — e p+g ), (p p+ i + e p+ i, — e p+ i), (p + e, — e), (p p+g+1 e p+ q+ i), (p p+q+r ,e p+q+r )) is also 
reduced. The path length definition and the definition ( |2.42| ) imply 

|C| = \C'\, (tanh/?E) c = (tanh/?E) c '. (2.46) 

By using the definition ( |2.40| ) we get 

<f)(C) = 0! + 2 + 03, (2.47) 

1 = E(e 4 ,e m ) + (e p ,e), (2.48) 
i = i 

p+i- 1 

02 = (e, e p+ i) + E ( e ^' e i+0 + ( e p+<?> _e )' ( 2 - 49 ) 
i = P + i 

p+q+r - 1 

03 = (-e,e p+<7+ i) + E (ei,e i+ i) + (e p+g+r ,ei). (2.50) 

i=p+q+l 

It is easy to verify the relation 

(e^ e 2 ) = -(-e 2 , -e x ). (2.51) 
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The definition (|2.40 ) and the relation (|2.51| ) imply 



0(C) = 01 - 2 + 3 . (2.52) 

Due to the definition ( |2.49|) 02 = (2k + l)ir where k is an integer. Hence exp{ — 102} = 
-exp{|0 2 }. In view of the relations (|2.47| ), (|2.52|) 

exp{^0(C)} = -exp{^0(C")}. (2.53) 

Due to the relations flZMj) , (|2~53l) all terms exp{^(f)(C)}(tanh (3E) C in the left hand 
side sum ( |2.45|) corresponding with the reduced closed paths C containing the oppositely 
oriented edges (p, e) and (p + e, — e) cancel each other. The theorem is proved. 

Since the relations ( (2.44j ), ( |2.45| ) are valid for any graph embedded in the rectangular 
lattice G(M[, M' 2 \ Mi, M 2 ), then 

(Zrrf-^a, = exp{i £ |C|- 1 exp{^0(C)}(tanh/3E) c; } (2.54) 

^ CeCRC{G), ^ 

\\c\\nui ||j«i)||^0 

where the graph G' is given by the relation ( |2.33j ) and the estimate ( |2.36| ) is valid. 
The substitution of the equality Q2.54j ) into the equality ( |2.31|) gives 



I m (x) 

Wg(x) = E ( II (tanh/H5)$ 



x 



: 1 



exp{i E |C|- 1 exp{^0(C)}(tanh/3 J E;) c } (2.55) 

^ C£CRC(G), ^ 
|C||nu i || J (ei)||^0 

where the summing runs over the set of the non - oriented paths Q connecting pairwise the 
vertices on which the cochain x is equal to 1. These non - oriented paths have no common 
edges. These non - oriented paths self - intersect transversally and intersect each other 
transver sally. If the number of vertices on which the cochain \ is equal to 1 is equal to 
2m(x), then the number of these non - oriented paths is equal to mix)- 



3 Thermodynamic limit 

In this section we study the limit of the formulae ( |2.26| ), ( |2.55| ) when the graph 
G(M{, M' 2 ; Mi, M 2 ) tends to the infinite graph Z x2 , i.e. M[ -oo, Mi -»• oo, % = 1, 2. 

Let us construct on the graph Z x2 a reduced closed path with the fixed initial vertex. 
For the first oriented edge we have 4 possibilities. For any other oriented edge the number 
of possibilities is not more than 3. Thus the total number of reduced closed paths of the 
length / starting at the fixed vertex is not more than 4 ■ 3' -1 . Hence the series 

E |C|- 1 exp{l0(C)}(tanh/3E) c (3.1) 

licilnuj ||i({!-)|M0 



is absolutely convergent if the estimate (|2.36| ) is valid 
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We suppose that all interaction energies E({p,e}) attached to the vertical (horizontal) 
edges {p, e} have the same sign. Any closed path C on the lattice Z x2 has an even number 
of the verically directed edges and it has an even number of the horizontally directed edges. 
Therefore 

(tanh/3£) c > 0. (3.2) 

Any cycle C, 1 G Zi(P(G), Z^) for a graph G embedded in the lattice Z x2 may be represented 
as the set of closed non - oriented paths on the lattice Z x2 . These non - oriented paths self 
- intersect transversally and intersect each other transversally. Hence the inequality ( |3.2j ) 
implies 

(tanh/3^)^>0. (3.3) 
It follows from the equality ( |2.19| ) and the inequality (X3) that 



{Z r>G )- l Z, G , < 1 (3.4) 



where the graph G' is given by the relation ( |2.33|) . By making use of the inequality (|3] 
and the equality ( |2.31| ) for G — > Z x2 we get the estimate 

m(x) 

\W Z x2( X )\< E II |(tanh/3£)^| (3.5) 
E^ = x i = 1 

where the summing runs over the set of the non - oriented paths Q connecting pairwise the 
vertices on which the cochain \ is equal to 1. These non - oriented paths have no common 
edges. These non - oriented paths self - intersect transversally and intersect each other 
transversally. If the number of vertices on which the cochain \ is equal to 1 is equal to 
2m(x), then the number of these non - oriented paths is equal to m(x)- F° r the fixed 
cochain \ the series ( p.5|) is absolutely convergent if the estimate ( |2.36|) is valid. Therefore 
for G — > Z x2 the sum ( |2.55|) for the fixed cochain x tends to the absolutely convergent series 



r m(x) 

w z *2(x)= e ( n( tanh ^) fi1 



x 



i = l 



exp{i E iq-^^COHtanh^f}. (3.6) 

C6CHC(Z x2 ), 
l|C||nu i ||j(ei)||^0 

The cells s° are the vertices of the graph G(M[, M' 2 \ Mi, M 2 ) or the vectors p G R 2 with 
the integer components and M[ <p l < Mi, i = 1, 2. We define the cochain <5°[p] similarly to 
the definition ( gg§ 

^°[p](q) = V^V.s 2 - ( 3 - 7 ) 

Proposition 3.1. Let the interaction energy E({p,e}) depend only on the direction 
(horizontal or vertical) of the edge {p, e}. Let the estimate (|2.36|) be valid. Then 

WmjZ^r'Z^mVG))- 1 /^) = exp{^f^ E ^(^[O] + S°[p})} (3.8) 
where the correlation function Wz^{x) i> s given by the relation ( |3.6| ). 
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Proof. We divide the numbers 1, 21 into / pairs ii,ji where 1 = %\ < • ■ ■ < %\ 

and i\ < ji, < ji. The total number of such subdivisions is equal to (2/)!(/!) _1 2 _i . In 
the relation (|2.31|) for the correlation function Wg{Ya = i ^°[PiD the summing runs over the 
set of such subdivisions of the numbers l,...,2l and over the set of non - oriented paths 

■ ■-,£,} connecting the vertices p is and Pj s , s — 1, I. By making the changes of summing 
variables we get 

21 

E w a (E?\Pi]) = 

Pi?-¥=P2i,Pi£P(G) i = l 

2- , M E E (iKtanh^)^)^)- 1 ^, (3.9) 

i=l,...,i 

The equality ( |3.9| ) and the estimate ( |3.4| ) imply 

I E ^g(E^ [p^)I< 

2"'M f E E I (tanh/?^ 1 l) . (3.10) 

{ - \pi^P2,P»eP(G)95 1 =<5°[pi]+'5 [P2] / 

In the right hand side of the inequality ( |3.10| ) instead of the non - oriented paths £j, 
which self - intersect and intersect each other transversally we consider the non - oriented 
paths £j, $ which self - intersect transversally. We may also consider such non - oriented 
paths £j, on the lattice Z x2 . Since the interaction energy ^({p, e}) depends only on 
the direction (horizontal or vertical) of the edge {p, e}, then in view of the definition ( 2. 32] ) 

E E I (tanh/^ 1 | = 

Pi + P2, Pi £ P(G) de = 8° [pi] + 8° [ P2 ] 

E E Ktanh/3^ 1 ! E !■ (3-H) 

q £ Z x 2 , <? ^ a? 1 = 5° [0] + 8° [q] P1,P2&P(G), P2 -Pi=q 

It is easy to verify that 

E 1<#(WZ). (3.12) 

pi,P2 e P(G),p2 —pi = g 

It follows from the estimates ( |3.10|) , (|3.12|) and from the equality ( |3.11|) that 

I E ^ G (E^°[Pd)l< 

Pi^-^P2i,P l GP(G) i = l 

2- , ^(#(VG)) 1 f E E Ktanh^l) (3-13) 

\9e^ x2 :9^oac 1 =5 [o] + <5 [ g ] / 

where the second summing in the right hand side of the inequality (|3.13| ) runs the non - 
oriented paths £ x on the lattice Z x2 connecting the vertices and q. These non - oriented 
paths self - intersect transversally. In view of the estimate (|2.36| ) the series 

E E I (tanh/?£) fl | (3.14) 

g 6 Z * 2 , g ^ 1 = 5° [0] + <5° [ g ] 
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is absolutely convergent. By using the inequality ( |3.13|) we majorize the sum ( |2.26| ) by the 



absolutely convergent series. It is sufficient now to consider the convergence of any term of 
the sum ( ^26|) . 



Let us prove that for any positive number L 

lim 2 mVG)Y k £ iy G (£ 5°[ Pi ]) = 2- k[ -± limmVG))- k 

Pi^-^P2 k ,PieP(G) i = i K - 

E E (nCtanh^)^ 1 )^)- 1 ^, (3.15) 

IP2z — P2j \ >L,l<i<j<k 1 i = 



In the relation ( |3. 15| ) we use the same notation as in the relation (|3 



In order to prove the equality (|3.15| ) it is sufficient to prove the following equality 



hm 2 (#(FG))- fc E E 

\P2l~P2j\< L ' i=l,...,k 

(jl | (tanh/?£)# |^ (Z r , G )-% iG , = (3.16) 

for any positive number L and for any fixed integers 1 < I < j ' < k. In view of the estimate 
( |3.4|) the equality (|3.16| ) follows from the equality 

hmJ#(VG))- k £ E fj I (tanh/5E)^ |= 0. (3.17) 

~* Pl^'--^P2fe.Pi6P(G); a^l=« [j>2i-l]+a [P2i]. i = 1 

\P2l~P2j\< L ' i=l,...,k 



In order to prove the equality ( 3.17 ) we majorize the sum ( |3.17| ) by the similar sum where 



the second summing runs all non - oriented paths £jj on the lattice Z x2 connecting the 
vertices P2«-i and p2i, i = 1, k and self - intersecting transversally. Since the interaction 
energy E({p, e}) depends only on the direction (horizontal or vertical) of the edge {p, e}, 
then in view of the definition ( |2.32| ) 

k 

E Ell I (tanh/^ | = 

Pl^'--^P2fe.PiGP(G); 9 jl =S0[p 2i _ 1 ]+S°[p 2i ], 1 = 1 
IP2!-P2jl<- L ' i=l,...,k 

k 

E Ell I (tanh/3i^ | E !■ (3-18) 

9 j g z x2 , ?i #o, ee 1 =50 [o] i = 1 pi ^ ■" ^P2fe - P2i -P2i-i =n*Pi e p ( G ); 

»=1>— >*> 1 j=l,...,fc \P2l~P2j\< L 



It is easy to prove the inequality 



E l<(2L + l)(#(VG)) fe - 1 . (3.19) 



Pl i= ■■■ ^P2k'P2i ~P2i-l =1i>Pi& P(G); 
\P2l ~P2j \ < L 



The absolute convergence of the series (|3.14j) , the equality (|3.18|) and the estimate (|3.19| ) 
imply the equality ( |3.17| ). The equality ( |3.17| ) implies the equalities ( p . 1 6| ) , G3.15| ). 
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We denote by l^ 1 ! the total number of the edges {p, e} at which the non - oriented path 
£ x takes the value 1. The absolute convergence of the series fl3.14| ) implies that for any 
positive number e there is the sufficiently large number |L such that 

E E \ {tanh (3Ef \<e. (3.20) 

The estimates (|3~4l ), ( |3 . 1 2| ) , ( |3.20| ) imply the following estimate 

mVG))- k | £ E (n(tanh/3E)^ lN ) (Z r , G )-%, G , - 

Pl#-^P2fc. PiEP(G); 8fl =«0[p 2i _ 1 ] +«0[p 2i ], \i=l / 
IP2i - P2jl > L > 1 < > < i < k ' i = l,...,k 



E E 



^ f n(tanh^)^ 1 ] {Z riG y l Z r>G , | < eC(3.21) 



Pl^'"#P2fe'Pi eP ( G ); 9« I 1 =*°[P2i 
|P2j -P2i I > L, 1 <i <j < k l |t l,,l r . . . 

It.; I < » = l,...,fe 

where the constant C is independent of the graph G(M[, M' 2 \ M 1: M 2 ). 
Let us consider the limit 

lim 2 (#(VG))- fe E E 

PI 5* - *P2k> Pi 6 ^(GQi 9£ 1 =i°[P2i-l]+'5 [P2i]. 



IP2i - P2j I > L > 1 < 4 < i < 



A' 



|f?-| < 4-L, i = l,...,fc 

a — 4 



IJ (tauh (Z r , G )-%, G ,. (3.22) 



\j = i / 

The relation ( |2.54| ) implies 

i k 

{Z rf3 )- x Z rf3 , = exp{- E E |Cr 1 exp{^(C)}(tanh/3E) c } x 

l|C||n||j(?i)||^0 

exp{-i E " ^iq^expl^COHtanh/^f} (3.23) 

l|C||nu l ||j(5i)||^0 

where in the second multiplier the sum extends over the set of all completely reduced closed 
paths having the common edges with at least two non - oriented paths Q, i = 1, k. n(C; £) 
is the number of the non - oriented paths with which the completely reduced closed 

path C has the common edges. Since |p 2 j — p 2 j| > L, 1 < i < j < k; < |L, % — 1, fc, 
the length of such completely reduced closed path is more than L. In view of the estimate 
( |2.36|) the series 

E (n(C;£) - ^ICI^expi^^Xtanh^) (3.24) 

IIOIInUjHiCfijIl^a 

tends to zero when L — > oo. By choosing the sufficiently large number L we can approximate 
the limit ( |3.22|) by the following limit 

hm 2 (#(VG))- fc E E 

pi ^ -^P 2 fc.Pi e -P(G); ad =« [P2<-il +«°[P2»]. 

|P9? — P?>i\>L,l<i<j<k i i 

™ /J |f?- 1 < Ji,i = l,...,fe 
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k 

n 

i=i 



\ 



(tanh/3£)**exp{- £ IC^ 1 exp{^(C)}(tanh/3E) c } 



V 



l|£7||n||j«J)|M(J 



(3.25) 



Due to the equality (|2.54j) 

.1 
2 



exp{i ^ |Cr 1 exp{^(C)}(tanh/5E) c } = (Z r>G )- 1 Z rM || j(€ i ) || (3.26) 

C6CHC(G), * 
|O||n||i(£i)||^0 



where the graph G \ ||j(£*)|| is obtained from the graph G(M[, M' 2 ; M 1; M 2 ) by deleting all 
edges from the support We substitute the relation (|3.26| ) into the expression (|3.25|) . 

By making use of the estimate (|3.4j) and the equality (|3.17|) it is possible to prove that the 
expression (|3.25|) is equal to 



k 

n 



lim 



1 



E 



E 



Pi ¥= - 7^P2fe,p l G P(G) eji = ^ba^j] + soipsj], 



|£l| < \L,i = l,...,k 



(tanh exp{- Y \C\~ l exp{-</>(C)}(tanh/3£) c } 

l|C||n|| J (£ 1 )||^0 



lim ((#(^G)) 



1 



-1 



E 



E 



Pi^P2,P;eP(G) 8€i=iO[p 1 ] + «Q[ P2 ], 



(tanh^exp^ V ICT 1 exp{^(C)}(tanh/3E) c }) / 

|C||n||j(£l)||^0 



(3.27) 



where £ x runs all non - oriented paths on the lattice G(M[, M 2 , M 1; M 2 ) connecting the 
vertices pi and p 2 . These non - oriented paths self - intersect transversally. The length 
of the non - oriented path is less than |L. When L — > oo the equalities ( |3.15| ), (|3.27|) and 
the estimate ( p . 2 1|) imply 



lim (#(vg)) 



-it 



E 



2 A- 



w G (E^°[Pi]) 



Pl^-^P2fe,Pi€P(G) 



1 = 1 

2 



2 ((#(^)) _1 E ^(E *°[p*]))*- 

K - Pi^P2, Pl eP(G); i = l 



(3.28) 



Here we used the expression ( |2.55|) for the correlation function Wg(Yh = i ^°[p»])- 

Since the interaction energy ^({p, e}) depends only on the direction (horizontal or ver- 
tical) of the edge {p, e}, the definitions ( |2.32|) , ( |2.42|) and the equality ( p.55| ) imply 



iim xa (#(yG))- 1 £ w G (J25°[p l ])= £ E 

Pi^P2,ftGP(G) i = l pezxa^^oaf^sotoi+^bl 



(tanh/3E) 5l exp{- ]T |C| - 1 exp{-0(C)}(tanh/3E) c } 



x 



ceci?c(z x2 ), 
l|C||n||j(£l)||^( 



lim (#(VG))- 1 ^o(0 (3-29) 

G— >Z Xa! 
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where the number Nq^ 1 ) is the total number of shifted non - oriented paths on the graph 
G(M{, M' 2 \ Mi, M 2 ). If l^ 1 ! < Mi - Ml, i = 1, 2, the following estimates are valid 

2 2 

n (Mi -mi- \e\) < N G (e) < n - m o- (3.30) 

i=l i=l 

We note that ^ 

#(VG) = f[{Mi-Mi + l). (3.31) 

i = l 

The equality ( |3.26| ) and the estimates ( |2.36| ), ( J3.4j ) imply the absolute convergence of the 
series 

E ^ x2 (5 [0]+5°[p])= E E 

P ez x2 ,p^o P e zx^p^oa? 1 =<5°[o] + s°{ P ] 

(tanh^) ?1 exp{- Y \C\^ exp{-0(C)}(tanh/?£) c }. (3.32) 

^ ceCflC(z>< 2 ), ^ 
|C||n||j(ei)||^0 

Thus it follows from the equalities ( |3.29| ), ( |3.31| ), ( |3.32| ) and the estimates ( |3.3(J| ) that 

lim (#(VG))- J E i ^]) = E ^x 2 (5°[0] + 5°[p]). (3.33) 

The inequality ( |3.13| ) and the equalities ( |3.28] ), ( |3.33| ) imply the equality (|3.8|). The propo- 
sition is proved. 

It follows from the equalities (|2.23|) , (|3.8|) and the inequality (|3.13|) that 

lim m G (H) = (3H(l + £ W Z x*{5°[0] + 5°[p])). (3.34) 

pe Zx2 iP ^o 

Let us rewrite the formula (|1.8|) . Due to (0, Chapter III, formula (3.1)) we define 

< o m a n > N = (Z N (E,H)y 1 cr m a n exp{-PH(a)} (3.35) 

fc = 1,...,JV 

where the integers l<m<iV, l<n<iV and the sums H(a), Zn(E, H) are given by the 
relations ( |1 . 1[ ) , ( |1.2j ). By keeping m — n fixed we have due to (||, Chapter III, formula (3.5)) 

lim < a m a n > N \ H=0 = (tanh/3£) |m ~ n| . (3.36) 

N^oo 

Let the integer iV be even. For any integers m and n we define the correlation function 

W z (5°[m] + S°[n}) = lim < an +m a, +n > N \ H=0 . (3.37) 

The relations ( |3.36j ), ( |3.37| ) imply 

nez.n^o 1- taring 

The substitution of the relation ( |3.38| ) into the equality ( |1.8|) gives 

m(E,H)= (3H(1+ Yl W z (5 [0] + 5°[n])). (3.39) 

n£Z,n/0 

The equalities fl3.34j ) and (|3.39|) have the similar form. 
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